ABSTRACT. By using the quadratic form and unbounded operator theory a new approach to the general dilation theory is presented. The boundedness condition is explained in terms of the Friedrichs extension of symmetric operators. Unbounded dilations are introduced and discussed. Applications are given to various problems involving positive definite functions.
H, and let T: D(T) ----+ K be a linear mapping. T is closable if for each sequence

Xn E D(T), Xn ----+ 0, IIT(xn -xm)11 ----+ 0 implies TXn ----+ O. T is closed if for each sequence Xn E D(T), Xn ----+ x, IIT(xn -xm)11 ----+ 0 implies that x belongs to D(T)
and TXn ----+ Tx. N denotes the additive semi group of all nonnegative integers. C denotes the complex plane.
2. Positive forms. Let The Hilbert space defined as the completion of X/Np under the norm given by this inner product will be denoted by Xpo Throughout this paper the symbols Np, Xp used in connection with a positive form on a linear space will have the fixed meaning just described. PROOF. Since N q C Np, p~ is well defined, and since p is positive, so is p~. If x,y E X, then (x+Np,y+Np) = p(x,y) = p~(x+Nq,y+Nq) = ((x+Nq) 
+Np-, (y+Nq)+Np-).
Hence the mapping U: (X/Nq)/Np-----+ X/Np defined by U((x+Nq)+Np-) = x+Np
for x E X, extends to a unitary mapping from (X/Nq)p-onto Xp. Q.E.D.
When dealing with two forms related as in this lemma, the two unitarily isomorphic Hilbert spaces mentioned above will be treated as identical.
Next, positive forms on subspaces of Hilbert spaces will be considered. Let M be a dense subspace of a Hilbert space H. A positive form p on M is called closable if for each sequence Xn E M, Xn ----+ 0, p(xn -x m , Xn -xm) ----+ 0 implies p(xn, xn) ----+ O. This proposition, in the case when p is defined by a positive operator on M, can be found in the proof of Theorem X.23 of [8] . It is stated and proved here, because for farther applications it is important to distinguish between properties coming just from positive forms, and properties, in which the presence of a positive operator is necessary. The next proposition, whose proof is an application of the Riesz-Fischer theorem, is stated for the sake of completeness. for all X,y E M.
Then there is a closed positive form p/\ on M/\ that extends p, and Mp embeds isometrically into M;". Moreover, p is closable if and only if M/\ can be embedded injectively into H.
The following theorem is the main result of this section. Some of its assertions are known. The known ones are stated here for two reasons: to formulate properly the new ones, and, more importantly, to gather in one place everything that is necessary to develop the dilation theory in the next sections. These two inequalities are the first and the "n =;. n + I" step, respectively in the inductive proof of the inequality pA(X, x) :::; IIPA 2n x11 2 -n Ilxll1+ T1 ++ 2 -n , which holds for each n = 0, 1,2, .... Now (2.7) 
Finally, notice that if p is a positive form on a linear space X, then there exist a Hilbert space K and a linear mapping T: X --+ K such that p(x,y) = (Tx,Ty) for x,y E X. Simply take K = Xp and let T be the quotient map from X onto X/Np.
Dilations.
The purpose of this section is to show that a fairly general dilation theory, which contains the well-known bounded dilation theory, is governed by positive forms and can be completely derived from the main theorem of the preceding section. Besides, from the positive form standpoint it occurs to be natural to consider not only bounded dilations, but also closed, and even arbitrary ones, as long as the algebraic properties improve.
The basic setting of the dilation theory presented here is purely algebraic, i.e., no topology is involved. This has been done on purpose to exhibit the strength of positive forms. Whether the initial functions take values in the set of bounded operators of just in the set of linear mappings, is of secondary importance. Topological results can be obtained if an appropriate topology is introduced, when desired.
Throughout this section two linear spaces E, E' are fixed. It will be assumed that they are related by a fixed "duality," i.e. a mapping < , >: A positive definite function A: S x S -+ L defines a positive form q:
which will be called the form associated with A.
If s E S, x E E, then fs,x stands for the function from S to E whose only possible nonzero value is x attained at s. Clearly, fs,x E F. Let A: S x S -+ L be a PD function and let q be the positive form associated with A. For s E S define a linear mapping X(s):
This construction proves the so-called Kernel Theorem (cf. [1, §2] ) in the bounded dilation theory. A similar theorem can be easily formulated in the general case discussed here. Also, the minimality problem can be formulated and solved analogously to the bounded dilation case.
The positive definiteness gives rise to a natural partial order in the set of all PD
This partial order has been completely described in Theorem (2.2) of [1] for the case of bounded mappings and this description can be carried over to the present case without difficulty. Since positive forms are the main point of interest here, three more ways of comparing PD functions become available. This is described in the following theorem.
be PD functions. Let q,r be the positive forms associated with A, B, respectively. Let
X: S -+ L( E, F / N q) be as defined in (3.2). Then (a) N q C NT
if and only if there is a Hilbert space K and a linear mapping T: F /Nq
-+ K such that (y, B(s, t)x) = (TX(t)y, TX(s)x), s, t E S, x, Y E E. (b) For each sequence fn E F, q(fn' fn) -+ 0, r(fn -fm, fn -fm) -+ 0 im- plies
r(fn, fn) -+ 0 if and only if there is a Hilbert space K and a closed mapping T/\: D(T/\) -+ K such that F /Nq C D(T/\) C Fq and (y, B(s, t)x) = (T/\ X(t)y, T/\ X(s )x), s, t E S, x, Y E E.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use By Proposition (2.5), there is a positive operator P: F/Nq -+ Fq such that
gets (y,B(s,t)x) = (PX(t)y,X(s)x). An application of
Theorem (2.6)(c) finishes the proof. Q.E.D.
Until now S was an arbitrary set. From now on S will be assumed to be a semigroup with unit. Let A: S x S -+ L be a function. A triple (K, 7r, R) will be called a dilation of A if K is a Hilbert space, R: E -+ K is a linear mapping and
can be extended to a bounded linear mapping on K, for each s E S, 1r is a semigroup homomorphism, and the above definition coincides with the one commonly used in the bounded dilation theory. The density of M in K is assumed in (D3) for the sake of convenience. This assumption, however, is not a restrictive one, for it will become clear that if a dilation of a function can be found, then the attention can always be restricted to the closure of M. In the terminology known from bounded dilations (D3) is the minimality condition.
A calculation as at the end of the proof of Theorem (3.5)(a) shows that the linearity of R and of each 1r(s), s E S, together with (D5) implies that if A has a dilation, then A is PD. In the bounded dilation case it is known that there are PD functions with no bounded dilation (for a complete discussion of this problem see [1] ). It will be shown that there are PD functions with no dilation at all. Necessary and sufficient conditions for the existence of various kinds of dilations will be given in terms of associated positive forms.
Fix a semigroup S and a PD function A: S x S ----+ L. Let q be the positive form on F associated with A. For each u E S define a PD function Au:
Let qu be the positive form on F associated with Au. For each u E S define a linear mapping a(u):
s: uvs=t (b) follows by a straightforward calculation. 
(c) A has a bounded dilation if and only if
(ii) for each u E S there is a dense subset G u of COO (P( U y\) suth that sup{J,l( u, x) :
is finite, where P(u)/\ is the Friedrichs extension of P(u) and J
The proof will be preceded by some comments on bounded dilations. The first necessary and sufficient condition for the existence of a bounded dilation was found in case of *-semigroups by Sz.-Nagy [12] . His condition was then generalized by several authors to an arbitrary semi group case (see e.g. [7, 1] ). Apart from PD, the boundedness condition was introduced, which can be equivalently formulated as follows:
(Be) There is a real function c on S such that
PD and (Be) together are known to be necessary and sufficient for the existence of a bounded dilation (see e.g. [1, Dilation Theorem]). The conditions (i) and (ii) of (c) in the above theorem are equivalent to (Be). There are two reasons why they are significant. The first one is that in many cases they are easier to check separately than (Be). The second one is that they explain what is happening behind (Be), in terms of properties of positive forms. In case of *-semigroups, which will be discussed in the next section, Szafraniec's result [11] is a major simplification of (Be). PROOF OF THEOREM (3.8). To prove (a) suppose first that N q is contained in each Nqu ' u E S. Let a be the mapping defined by (3.6). If follows from the assumption and from (3.7)(b) that for each u E S the mapping 7r(u): 
This formula was first suggested by Masani for the proof of the existence of bounded dilations (cf. [7, p. 296] Hence Nq is contained in Nqu for each u E 5.
It follows from (3.10) and (3.4) that the mapping U: F / Nq ----+ K defined by The proof of (b) is a consequence of Theorem (3.5)(b) and of (a) above. For a fixed u E 5 that theorem is applied to B = Au, r = quo The closed operator 7r(ut resulting from there is identified with the closure of the operator 11' ( u) defined in the proof of (a), by (3.9). In the "only if" part of the proof of (b), (3.11) is used.
To prove (c) firstly notice that
(3.12) The condition (i) implies that A has a closed dilation.
For, it follows from Theorem (3.5)(c) that if (i) is satisfied, then the mapping 
It follows from the definition of 11' ( u) in (a) and from the construction of 11
Conversely, let (K, 11' , R) be a bounded dilation of A. Let U be the unitary mapping from Fq onto K as at the end of the proof of (a). Let
which proves (i). The condition (ii) follows by the boundedness of P(u), as in the proof of Theorem (2.6)(d). Q.E.D. Notice that, by Theorem (3.5)(c), the condition (i) of (c) in the last theorem is equivalent to the following one:
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The substantial difference between this condition and (BC) is that the constant m(u,g -t-N q ) is allowed to depend on 9 + N q , 9 E F, whereas c(u) in (BC) must not depend upon elements of F. This difference becomes even clearer when one realizes that PD and (BC) imply the existence of a bounded dilation, whereas PD and (3.13) imply merely the existence of a closed dilation, by (3.12). elsewhere, is PD and it has no dilation, by Corollary (3.14)(a).
In the next example a function is presented such that it has a dilation but it has no closed dilation. A straightforward weak convergence argument shows that the choice of P, Q and Xn with the above properties is possible only if Xn is an unbounded sequence. (c) Ap has a bounded dilation if and only if P extends to a bounded, everywhere defined, positive operator pA such that n( s) * pA 1/2 K is contained in p A 1/2 K for all s E S.
(3.17) COROLLARY. Let S be a semigroup, let H be a Hilbert space. Suppose a function A: S X S ---+ B(H) has a bounded dilation (K, n, R). Let M be the linear span of {n( s )Rx: s E S, x E H}. Let P: M ---+ K be a linear mapping. Define Ap: S X S ---+ L(H) by Ap(s, t) = R*n(t)* Pn(s)R, s, t E S. Then
(d) If B: S x S ---+ B(H) is PD and B« A, then B has a closed dilation.
PROOF. It follows from the definition of Ap that
2)f(t), Ap(s, t)f(s)) = (p L n(t)Rf(t), L n(s)Rf(s)) , fEF.
Hence (a) is proved.
If u, s, t E S, x, Y E H, then (y, Ap(us, ut)x) = (n(u)* Pn(u)n(t)Ry, n(s)Rx).
Hence (i) of Theorem (3.8)(c) is satisfied with P(u) = n(u)* Pn(u), u E S. By (3.12) , Ap has a closed dilation, which proves (b).
The "if" part of (c) follows from Theorem (3.3) of [1] . For the "only if" part notice that, by Theorem (3.8)(c), and Theorem (2.6)(d), the Friedrichs extension P(U)A of P(u), u E S, is a positive, everywhere defined, bounded operator. In particular, P(l) = P. Hence P extends to a bounded operator P(l)A on K. (d(u))g, f) ,
where a is defined by (3.6) . By the Schwarz inequality for q,
This proves that the mapping P(u):
By (3.12), A has a closed dilation.
(b) Let P(uY' be the Friedrichs extension of P(u), u E S. Since P(u) maps F/Nq into itself, F/Nq is contained in COO(P(U)A).
Assume that the functions b, c exist. The existence of a bounded dilation will be proved by using Theorem (3.8)(c). For u E S let Gu = F/Nq . This set is dense in
Fq, thus it is dense in COO(P(U)A). By the definition of P(u) it follows from (3.7)
(a) that 
LU(t),A(s,t)(a(d(u)2 n + 1 )f)(s)) = LU(t), A(d(u)2n+l S, t)j(s)) :::; L b(f(s), j(t))c(d(u))2n+l c(s)c(t).
Hence liminf IIP(U)A 2n (f +
Nq
Applications.
*-Semigroups.
A *-semigroup is a semi group with a mapping * from S into itself such that (st)* = t* s*, (s*)* = s, s, t E Sand 1* = 1.
Let S be a *-semigroup, let L be as defined in the previous section and let A: S x S ----t L be a function. A dilation (K, 7r, R) of A will be called a * -dilation if 7r(s*) C 7r(s)*, S E S. ( A has a *-dilation (K, 7r, R 
a) A has a *-dilation if and only if A is PD and (4.1.2) (y,A(us,t)x) = (y,A(s,u*t)x), u,s,t E S, x,y E E. (b) If
(7r(t)Ry,7r(u)7r(s)Rx) = (7r(u*)7r(t)Ry, 7r(s)Rx). Hence 7r(u*)IM C (7r(u)IM)*. By Theorem VIII.1, (a), (c) of [8], (7r(u)IM)* is a closed operator, and (7r(u)IM)* = 7r(u)*. Therefore 7r(u*) C 7r(u)*.
The converse implication is immediate.
Since 7r( u)* is a closed extension of 7r( u*), and 7r( U*)l1 is the least closed extension of 7r(u*), it follows from Theorem VIII.l, (c) of [8] The last part of the proof shows that the above definition of a *-dilation coincides with the common one in case of bounded dilations.
It may happen that if S is a *-semigroup, then a function A: S x A ---> L has a bounded dilation without having a *-dilation. The following example is a consequence of Proposition (4.3) of [1] .
( 4. 1.3) EXAMPLE. Let S be a group. Then S is a *-semigroup with u * = U -1, U E S. Suppose that there is a *-semigroup homomorphism 7r: S ---> B(H), i.e., a unitary representation in a Hilbert space H, such that the double commutant of 7r(S) is strictly larger than the set of all scalar multiples of the identity in H. Then there is an orthogonal projection Q that does not commute with 7r(S). If P = !(I + Q), then the function B(s, t) = 7r(t)* P7r(s), S, t E S, has a bounded dilation, and it has no bounded *-dilation, as shown in Proposition (4.3) of [1] . On the other hand, if x, y E H, s, t E S, then
l(y,B(s,t)x)l:s:; 117r(s)IIII7r(t)IIIIPllllxIIIIYII·
It follows from Proposition (4.1.1)( c) that B has no *-dilation.
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Hence (a) follows from Corollary (3.17)(a) and Proposition (4.1.1)(a). The part (b) is a consequence of (a) and Theorem (4.1) of [1] . Q.E.D.
From this corollary examples of functions which have *-dilation and have no bounded *-dilations can be obtained. Here is one.
( 4. 1.5) EXAMPLE. Let H be an infinite-dimensional Hilbert space and let M be its dense subspace. Let P: M --+ H be a positive, selfadjoint operator which cannot be extended to a bounded operator on H. Let Fp be its operatorvalued spectral measure. Choose a real number k so that the orthogonal projection
The semigroup N is a *-semigroup with n* = n, n E N. Let 7r:
, n E N, has a *-dilation, and it has no bounded *-dilation, by Corollary (4.1.4).
Finally, the previous results will be interpreted for the case originally studied by Sz.-Nagy [12] . which is not exactly the second inequality in (3.18)(b). However, a look at the proof of (3.18)(b) makes it clear that it does not matter, as far as that proof is concerned. Q.E.D. 
*-algebras.
The Stinespring theorem says that each completely positive function on a CO-algebra D has a bounded *-dilation (K,7r,R) such that 7r is a *-representation of D (see e.g. [2] for this theorem and appropriate definitions). This is one of the cases in which (BC) is a consequence of PD (see [6, §9, Theorem 3] for a straightforward proof). The basic reason why it happens here is that each positive, linear functional on a C* -algebra is bounded. This, as well as a certain converse of this, is explained in the following corollary. Let 
Thus ( Let now H be arbitrary. Without loss of generality it can be assumed that M is dense in H. The inner product ( , ) in H is a PD, scalar-valued function on H x H.
Its restriction to 5 x 5, which is also PD, will be denoted by A. Let F = F(5, C) .
The proof of (b) is similar to the proof of Theorem (3.5)(b), with the above unitary identification. The equivalence of (i) and (ii) in (c) is clear. The equivalence of (ii) and (iii) is a consequence of (a), (b), and Theorem (2.6)(d). Q.E.D.
It follows from (a) in this corollary that, like in the case of a finite-dimensional H, an answer to the question raised at the beginning for arbitrary H with linear T is: if each finite number of vectors in S is linearly independent.
Finally, the title of this subsection will be explained. Following Halmos [ 
it is clear that q and qu, u E S, are positive forms on F.
It follows from (4. Recall that such P( u) can be obtained by checking an appropriate inequality-cf. Proposition (2.5).
A formal adjustment of Example (3.15) ((3.16), respectively) provides an example of a function X for which the moment problem has no solution (has a solution, but has no closed one, respectively).
4.5. Reconstruction of quantum mechanics. 
